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Abstract
In this paper we are interested to study the geodesic motion in the spacetime of a SU(2)-
colored (A)dS black hole solving in conformal gravity. Using Weierstrass elliptic and Kleinian σ
hyperelliptic functions, we derive the analytical solutions for the equation of motion of test particles
and light rays. Also, we classify the possible orbits according to the particle’s energy and angular
momentum.
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1. INTRODUCTION
Conformal gravity(CG) is one of the main part of gravity, which the massive spin-2
modes are changed by some logarithmic modes [1]. CG will be reduced to Einstein gravity
with a cosmological constant Λ, by some suitable boundary conditions [2]. For spherically-
symmetric Ansatz, the local conformal invariance refers that, the metric can be assessed by
one function instead of the usual two. So, the equations of motion for the colored black hole
Ansatz will be easier than equation of motion in the Einstein-Yang-Mills theory. In addition,
this theory can provide, the most general spherically symmetric solution [3]. In CG, we can
provide an explanation to the galactic rotation curves without introducing dark matter [4].
Conformal gravity accepts the general Kerr-AdS-NUT-like solution [5], that the form of
rotating black holes were studied in Ref. [6]. One of the method that we can investigat
gravitational fields of objects like black holes is study of the motion of test particles around
them. The Weierstrassian elliptic functions are useful to study analytic solution of motion.
At first, Hagihara in 1931 demonstrate the analytically solution for Schwarzschild spacetime,
in terms of elliptic functions [7]. This method was also used for Kerr de Sitter space-time [8],
Schwarzschild de Sitter in 4-dimensional[9], Reissner-Nordstrom and Reissner-Nordstrom -
(anti) de Sitter spactime [10]. Recently, the geodesic equations were solved analytically,
in some spacetimes such as f(R) gravity, BTZ, GMGHS black holes, static cylindrically
and spherical symmetric conformal and a (rotating) black string-(anti-) de sitter [11–18].
Also, we studied the thermodynamic geometry and the shadow of some of these black holes
[19–21]. Here, we want to solve the geodesic equations of a SU(2)-colored (A)dS black hole
that was obtained in CG in Ref. [22]. There are some different descriptions on applicability
of geodesic solution in this theory. Although, some investigations predicate that, only null
geodesics are physically meaningful in conformal gravity [23–25]. But, some discussions in
conformal gravity, state that timelike geodesic seems, are applicable in conformal gravity,
such as, free fall of bound packets of elementary particles or packets of gravitational energy
of geons which is proposed by Wheeler [26], Also the possibility of choosing the gauge which
makes attractive this theory for all geodesics which is studied by Edery and et.al [27]. In this
paper we derive the analytical solutions for the equation of motion in terms of Weierstrass
elliptic functions and derivatives of Kleinian sigma functions in the spacetime of a SU(2)-
colored (A)dS black hole, and using effective potential and real zeros of polynomial for study
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the region of test particle motion. Our paper is organized as follows: in Sec. 2 we give a
brief review of a SU(2)-colored (A)dS black hole in conformal gravity. In Sec. 3 we present
the geodesic equations. In Sec. 4 we give our analytical solutions. In Sec. 5 we plot the
possible orbit and We conclude in Sec. 6.
2. SU(2)-COLORED (A)DS BLACK HOLE IN CONFORMAL GRAVITY WITH
ONLY SU(2) YANG-MILLS CHARGES
When conformal gravity is minimally coupled to Maxwell or general non-abelian Yang-
Mills fields, the conformal invariance is preserved, becouse in four dimensions, these gauge
fields are also conformal. The Lagrangian is
L = α√−g(1
2
CµνρσC
µνρσ − 1
2g2s
F aµαF
aµα − 1
2e2
FµνF µν), (1)
where Cµνρσ is the Weyl tensor and F a and F are the field strengths of the SU(2) Yang-Mills
and U(1) gauge fields
F aµν = ∂µA
a
ν − ∂νAaµ + ǫabcAbµAcν , Fµν = ∂µAν − ∂νAµ. (2)
The most general ansatz for the metric takes the form [3]
ds2 = −f(r)dt2 + dr
2
f(r)
+ r2(dθ2 + sin2 θdφ2). (3)
This is not the simplest ansatz for spherical symmetry. The metric is conformally locally
equivalent to
ds2 = −h(ρ)dt2 + dr
2
h(ρ)
+ r2(dθ2 + sin2 θdφ2). (4)
Making a coordinate transformation ρ = 1
r
and then multiply the metric of Eq. (4) by
conformal factor r2. The resulting metric of Eq. (4) transforms to Eq. (3) with
f(r) = r2h(r−1) (5)
For the SU(2) Yang-Mills, the general ansatz for carrying magnetic flux is [28]
A ≡

 A3 A1 − iA2
A1 + iA2 −A3

 = ψτ1dθ + (ψ sin θτ2 + cos θτ3)dϕ, (6)
where τ ,is are the Pauli matrices and the function ψ depends on the coordinate r. Substi-
tuting the ansatze into the equations of motion, one can find two independent nonlinear
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differential equations. Considering both of the differential equations and SU(2) Yang-Mills
field, while turning off the Maxwell field by setting q = 0, One can find a new solution, that
given by [22]
ψ = b0 + b1ρ, h = a0 + a1ρ+ a2ρ
2 + a3ρ
3 +
b21
4
ρ4, (7)
where
a0 =
(b20 − 1)2
4b21
> 0, a1 =
b0(b
2
0 − 1)2
b1
, a2 =
3b20 − 1
2
, a3 = b0b1. (8)
The function h can be factorized, namely
h =
(b0 + b1ρ− 1)2(b0 + b1ρ+ 1)2
4b21
. (9)
In terms of the r coordinate, the solution is given by
f = a0r
2(1 +
b1
(b0 − 1)r )
2(1 +
b1
(b0 + 1)r
)2, b0 +
b1
r
, (10)
we can rewrite the Eq. (10) as
f(r) = a0r
2 + a0cr + a0(c
2 + 2d) + 2a0dc
1
r
+ a0d
2 1
r2
, (11)
where
b1
(b0 − 1) +
b1
(b0 + 1)
= c,
b1
(b0 − 1)
b1
(b0 + 1)
= d. (12)
Notice that, the metric is asymptotic to AdS spacetime with a cosmological constant
Λ = −3a0 < 0. This solution has a curvature singularity at r = 0. By Putting up f(r0) = 0,
the curvature singularity is achieved and event horizon is at some r0. The function f has
two double roots
r1 = − b1
b0 − 1
, r2 = − b1
b0 + 1
, (13)
without loss of generality, by considering b1 < 0, for b0 > 1, both of roots are positive
(r1 > r2 > 0) so the metric defines a single black hole where the spacetime, on and outside
of the horizon is specified by r ≥ r1. For −1 < b0 < 1, we have r1 < 0 < r2, and for this
case, the same metric can describe two black holes, sharing the same curvature singularity
at r = 0. One black hole has an event horizon at r = r2 and it is asymptotic to AdS as
r = +∞, whereas the other has the event horizon at r = r1 and it is asymptotic to AdS as
r = −∞. For b0 < −1, both two roots are negative and we have r2 < r1 < 0, so the solution
describes a single black hole that the event horizon is at r = r2 and the spacetime outside
the horizon is −∞ < r < r2 [22].
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3. THE GEODESIC EQUATION
In this section, we write the equations of motion. For the metric of Eq. (3) we have two
conserved quantities, energy and angular momentum
E = gtt
dt
ds
=
dt
ds
(a0r
2 + 2a0cr + a0(c
2 + 2d) + 2a0dc
1
r
+ a0d
2 1
r2
), (14)
L = gϕϕ
dϕ
ds
= r2
dϕ
ds
. (15)
The Lagrangian L for a point particle in this spacetime is
L =
1
2
gµν
dxµ
ds
dxν
ds
=
1
2
ǫ (16)
Geodesic equations convert to the following differential equation
(
dr
dτ
)2 = E2 − f(r)(ǫ+ L
2
r2
). (17)
With energy and angular momentum conservation we can achive the equations for r as a
functions of φ and t
(
dr
dφ
)2 =
r4
L2
(E2 − f(r)(ǫ+ L
2
r2
)) = R(r). (18)
(
dr
dt
)2 =
f(r)
E2
(E2 − f(r)(ǫ+ L
2
r2
)). (19)
Eqs. (17)-(19) give a complete description of the dynamics. Eq. (17) suggests the introduc-
tion of an effective potential
Veff = (a0r
2 + 2a0cr + a0(c
2 + 2d) + 2a0dc
1
r
+ a0d
2 1
r2
)(ǫ+
L2
r2
). (20)
The plot of this effective potential is shown in Figs. 3–7.
4. ANALYTICAL SOLUTION FOR MOTION OF NEUTRAL TEST PARTICLES
In this section, using elliptic function, we solve the geodesic equation analytically. With
the dimensionless quantities, r˜ = r/M , c˜ = c/M , d˜ = d/M2, a˜0 = M
2a0 and, L = M2/L2,
Eq. (18), can be written as
(
dr˜
dφ
)2 = (ǫLa˜0)r˜6 − 2Lǫa˜0c˜r˜5 − (−E2L+ a˜0 + a˜0(c˜2 + 2d˜)ǫL)r˜4 (21)
− (2a˜0c˜+ 2a˜0d˜c˜ǫL)r˜3 − (a˜0(c˜2 + 2d˜) + a˜0d˜2ǫL))r˜2 − 2a˜0d˜c˜r˜ − a˜0d˜2 = R(r˜).
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Eq. (21) implies that R(r˜) ≥ 0 is a necessary condition for the existence of a geodesic and
thus, the real and positive zeros of R(r˜) are considered.
With the substitution
r = ±1
ξ
+ rR, (22)
where rR is the zero of polynomial R(r˜), for ǫ = 0 we can choose the positive sign in Eq. (22)
and the resulting equation is
(
dξ
dϕ
)2 =
3∑
j=0
mjξ
j, mj =
1
(4− j)!
d(4−j)R
dr(4−j)
(rR), (23)
but for ǫ = 1
(
ξdξ
dϕ
)2 =
5∑
j=0
njξ
j, nj =
(−1)j
(6− j)!
d(6−j)R
dr(6−j)
(rR). (24)
Here, the sign of the substitution Eq. (22) should be chosen such that the leading coefficient
n5 is positive.
Null geodesics
The Eq. (23) can be solved as
r(ϕ) =
m3
4℘(ϕ− ϕ0)− m23
+ rR, (25)
where ℘ is the Weierstrass function [29, 30] and
ϕin = ϕ0 +
∫ ∞
y0
dz√
4y3 − g2 − g3
, y0 =
1
4
(
±m3
r0 − rRNdS +
m2
3
), (26)
with the standard expressions of g2 and g3
g2 =
1
16
(
4
3
m22), (27)
g3 =
1
16
(
1
3
m1m2m3 − 2
27
m32 −m0m23). (28)
Timelike geodesics
We can write the analytic solution of Eq. (24) as [11, 31, 32]
u(ϕ) =
σ1(ϕ∞)
σ2(ϕ∞)
∣∣∣∣
σ(ϕ∞)=0
, (29)
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with
ϕ∞ =

 ϕ2
ϕ− ϕ′in

 , (30)
and ϕ′in = ϕin +
∫∞
ϕin
ξ dξ′√
P5(ξ′)
. The component ϕ2 is determined by the condition σ(ϕ∞) = 0.
The function σi is the i place derivative of Kleinian σ function and σz is
σ(z) = Ceztkzθ[g, h](2ω−1z; τ), (31)
which is given by the Riemann θ-function with characteristic [g, h]. τ is the symmetric
Riemann matrix, (2ω, 2ω´) is the period-matrix, (2η, 2η´) is the periodmatrix of the second
kind , κ = η(2)−1 is the matrix and 2[g, h] = (0, 1)t + (1, 1)tτ is the vector of Riemann
constants with base point at innity. The constant C, can be given explicitly, see e.g.[33],
but does not matter here. This is the analytic solution of the equation of motion of a point
particle in the spacetime Of a SU(2)-Colored (A)dS Black Hole in Conformal Gravity. This
solution is valid in all regions of this spacetime.
5. ORBITS
By a comparison of coefficients of R(r˜) = 0 and dR(r˜)
dr˜
= 0 for ǫ = 1 we can solve the
equations for E2 and L
L = − c˜r˜ + 2d˜
(−r˜2 + d˜)r˜2 , E
2 =
a˜(c˜r˜ + r˜2 + d˜)3
(c˜r˜ + 2d˜)r˜2
, (32)
where c and d is defined in Eq. (12), In Figs 1 we show the diagram of Eq. (32).
In following we introduce two types of possible orbits:
1. escape orbit (EO) with range r˜ ∈ [r1,∞).
2. Bound orbit (BO) with range r˜ ∈ [r1, r2].
With respect to r, we have the following classes of regions:
1. In region I, R(r) has 1 positive real zeros r1 > 0. the region [r1,+∞) correspond to
one escape orbit (EO).
2. In region II, R(r) has 2 positive real zeros r2 > r1 > 0. the region [r1, r2] correspond
to one bound orbit (BO).
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3. In region III, R(r) has 3 positive real zeros r3 > r2 > r1 > 0. the region [r1, r2]
correspond to one bound orbit (BO) and the region [r3,∞) correspond to one escape
orbit (EO).
4. In region IV, R(r) has 4 positive real zeros r4 > r3 > r2 > r1 > 0. the regions [r1, r2]
and [r3, r4] correspond to two different bound orbits (BO).
As shown as in Table. I, for b1 < 0, b0 > 1 there are two regions for timelike geodesics and
three regions for null geodesics. In Figs. 8–13, some of the possible orbits and light rays
are plotted. The parameters E2 = 0.0055 and L = 0.02 belong to the region I in Fig. 2,
corresponding to a escape orbit, (see Fig. 10). In region II, which effective potential is shown
in Figs. 4 and 6, its orbits are shown in Figs. 9 and 11, respectively for particles and light.
For region III that has three zeroes, the effective potential is introduced in Fig. 7. The orbits
for this region by considering E2 = 0.016,L = 0.005, are indicated in Figs. 12 and 13. In
region IV, there are four zeroes that created two bound orbits, one bound orbits is related
to the two first roots of R(r), and the other one is related to the two second roots of R(r)
(see Fig. 8). Also, the perihelion shift are appeared in these two orbits.
FIG. 1: Regions of different types of geodesic motion for test particles (ǫ = 1). The numbers of
positive real zeros in these regions are: II=2, IV=4.
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FIG. 2: Regions of different types of geodesic motion for light rays (ǫ = 0). The numbers of positive
real zeros in these regions are: I=1, II=2, and III=3.
region sign of β, γ positive zeros range of r˜ orbit
I b1 < 0,−1 < b0 < 1 1 EO
II b1 < 0,−1 < b0 < 1 2 BO
III b1 < 0,−1 < b0 < 1 3 BO, EO
IV b1 < 0,−1 < b0 < 1 4 2BO
TABLE I: Types of orbits in the spacetime of a SU(2)-colored (A)dS black hole. The range of the
orbits is represented by thick lines. The dots show the turning points of the orbits. The single
vertical line indicates the singularity at r˜ = 0. The event horizon, is marked by a double vertical
line.
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FIG. 3: Effective potentials for region III of geodesic motion. The horizontal line represents the
squared energy parameter E2.
FIG. 4: Effective potentials for region II of geodesic motion. The horizontal line represents the
squared energy parameter E2.
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FIG. 5: Effective potentials for region I of geodesic motion. The horizontal line represents the
squared energy parameter E2.
FIG. 6: Effective potentials for region II of geodesic motion. The horizontal line represents the
squared energy parameter E2.
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FIG. 7: Effective potentials for region III of geodesic motion. The horizontal line represents the
squared energy parameter E2.
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FIG. 8: examples of two different bound orbits in region IV for (a) and (b) respectively with the
parameters E2 = 0.0083,L = 0.01, ε = 1, b˜1 = −1.5, b˜0 = 0.9, a˜0 = 10−53 .
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FIG. 9: example of a bound orbit for region II with a˜0 = 10
−5, b˜1 = −1.5, b˜0 = 0.9, E2 = 0.01,L =
0.02, ǫ = 1.
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FIG. 10: example of a escape orbit for region I with a˜0 =
10−5
3 , b˜1 = 0.9, b˜0 = −1.5, E2 =
0.0055,L = 0.02, ǫ = 0.
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-2
-1
1
2
FIG. 11: example of a bound orbit for region II with a˜0 = 10
−5, b˜1 = −1.5, b˜0 = 0.9, E2 =
0.003,L = 0.001, ǫ = 0.
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FIG. 12: example of a bound orbit for region III with a˜0 =
10−5
3 , b˜1 = −1.5, b˜0 = 0.9, E2 =
0.016,L = 0.005, ǫ = 0.
-4 -2 2 4
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2
4
FIG. 13: example of a escape orbit for region III with a˜0 =
10−5
3 , b˜1 = −1.5, b˜0 = 0.9, E2 =
0.016,L = 0.005, ǫ = 0.
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6. CONCLUSIONS
In this paper we derived the geodesics equation of a SU (2)-Colored (A)dS Black Hole
which was drived from conformal gravity. helping Weierstrass elliptic functions and deriva-
tives of Kleinian sigma functions, we obtained the analytical solutions for both timelike
and lightlike geodesic motion. We classified set of orbit types for test particles moving on
geodesic. Moreover we realized that For null geodesics in the spacetime of a SU(2)-colored
(A)dS black hole there are three regions but for timelike geodesics there are two regions.
Also the (TEO) and (BO) are the possible orbits for null and timelike geodesics.
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